Following problems posed by Gyárfás [6], we show that for every r-edge-colouring of K n there is a monochromatic triple star of order at least n/(r − 1), improving Ruszinkó's result [11] .
Introduction
A very simple observation, remarked by Erdős and Rado, is that when the edges of K n are 2-coloured there exists a monochromatic spanning component. One can generalize this and look for large monochromatic components satisfying certain conditions. For example, it is an easy exercise to show that every 2-colouring of K n has a spanning component of diameter at most 3 (see [1] , [10] ). As a further generalization, one can consider edge colourings with more than two colours. Gyárfás [5] extended the above observation by showing that every r-colouring of K n has a monochromatic component with at least n/(r − 1) vertices. This is tight when there exists an affine space of order r − 1 and (r − 1) 2 divides n. Füredi [4] improved this bound in the case when there exists no affine space of order r − 1, showing that for such r every r-colouring of K n has a monochromatic component with at least n/(r − 1 − (r − 1) −1 ) vertices.
A double star is a tree obtained by joining the centres of two stars by an edge. Gyárfás [6] proposed the following problem.
Problem 1.
Is it true that for r ≥ 3 every r-colouring of K n contains a monochromatic double star of size at least n/(r − 1)?
For r = 2 the answer to this question is negative. It is shown in [8] (and implicitly in [2] ) that when K n is 2-coloured there is a monochromatic double star of size at least 3n/4. This can be shown to be asymptotically tight using random graphs. The best known result so far for r ≥ 3 was obtained by Gyárfás and Sárközy [8] . They showed that when the edges of K n are r-coloured there is a monochromatic double star of size at least Note that an affirmative answer to the first problem implies an affirmative answer to this one with d = 3, which would be best possible (see [3] ). Ruszinkó [11] solved the last problem with d = 5, showing that for every r-colouring of K n there is a monochromatic component of diameter at most 5 with at least n/(r − 1) vertices.
The first main result of this short note proves a weaker version of the first problem. A triple star is a tree obtained by joining the centres of three stars by a path of length 2. Theorem 1.1. Let G = K n be r-edge-coloured with r ≥ 3. Then G contains a monochromatic triple star with at least n/(r − 1) vertices.
Note that this is sharp in certain cases, namely whenever n/(r − 1) is a sharp lower bound for general monochromatic components in r-colourings of K n . The claim in the theorem does not hold for r = 2. In [2] it is implicitly shown that every 2-coloured K n contains a monochromatic triple star of size 7n/8. Furthermore, this is shown to be asymptotically tight using random colourings. As an immediate corollary of theorem 1.1 we answer problem 2 with d = 4, improving Ruszinkó's result.
Corollary 1.2. Let r ≥ 3. In every r-colouring of K n there is a monochromatic subgraph of diameter at most 4 on at least n/(r − 1) vertices.
A local r-colouring is an edge colouring in which for every vertex the edges incident to it have at most r distinct colours. In [7] it is shown that in every local r-colouring of K n there is a monochromatic component with at least
vertices. This is sharp when there exists a projective plane of order r − 1 and r 2 − r + 1 divides n. In [8] it is shown that in local r-colourings of K n there is a monochromatic double star of size at least
. Moreover, it is shown that for local 2-colouring of K n there exists a monochromatic double star of size at least 2n/3, and, as mentioned above, this is a sharp lower bound for the size of general monochromatic connected components. Our second main result shows that the above lower bounds for monochromatic components can be achieved also for components which are triple stars. Namely, Theorem 1.3. Let G = K n be r-locally-coloured with r ≥ 3. Then G contains a monochromatic triple star with at least rn r 2 −r+1
vertices.
As before, the following corollary is immediate. We prove theorem 1.1 in section 2, and theorem 1.3 in section 3. In the last section 4 we finish with some concluding remarks and open problems.
Triple stars in edge colourings
Proof of theorem 1.1. We assume to the contrary of the statement in the theorem that G contains no monochromatic triple star of the given size. Let G 1 be a subgraph of G which is a monochromatic double star of maximal order and let U be its vertex set. Denote the colour of the edges of G 1 by r. By our assumption |U | < n/(r − 1). Let a > 0 satisfy |U | = n/(r − 1) − a (note that a may not be an integer).
Consider the bipartite graph G 2 with bipartition U ∪ (V (G) \ U ) and edge set E, containing the edges between U and V (G) \ U not coloured by r in G. Note that for every vertex u ∈ U less than a edges between u and V (G) \ U have colour r, as otherwise there would be an r-coloured triple star with at least n/(r − 1) vertices, contradicting our assumption. Therefore
We use the following lemma which is due to Mubayi [10] and Liu, Morris and Prince [9] . We present the proof here for the sake of completeness. 
Therefore, there is an edge e ∈ E with c(e) ≥ ( By considering the edges with the majority colour, the lemma implies that G 2 has a monochromatic double star G 3 with at least (
|E| r−1 vertices. Using inequality 1 for the size of E and the expression for the size of U , G 3 has at least the following number of vertices.
Note that we use here the fact that r ≥ 3. This implies that G 3 has more than |U | vertices, contradicting the choice of U as the vertex set of the largest monochromatic double star of G. We have thus reached a contradiction to the initial assumption, i.e. G contains a triple star of the required size.
Triple stars in local edge colourings
Proof of theorem 1.3. As in the proof of theorem 1.1, we take U to be the vertex set of the largest monochromatic double star, and assume it has rn r 2 −r+1 − a vertices, where a > 0. We define the bipartite graph G 2 as before, and obtain the same inequality 1 for |E|. The following lemma generalizes lemma 2.1 from the previous section. A weaker form of this lemma appears in [7] . Lemma 3.1. Let a bipartite graph G = (V, E) with bipartition V = A∪B be edge coloured. Let r, t be such that every vertex x ∈ A is incident to edges of at most r distinct colours, and every vertex y ∈ B is incident to edges of at most t colours. Then G contains a monochromatic double star with at least ( 
may also be interesting to consider the weaker version of this question, taking d = 3 in problem 2. Does every r-colouring of K n contain a diameter 3 monochromatic subgraph of size at least n/(r − 1)? Finally, it may be interesting to address the same questions in the context of local rcolourings (for r ≥ 3). Namely, is it true that every local r-colouring contains a component of diameter at most 3 with at least rn r 2 −r+1 vertices? If so, is there such a component which is a double star?
